O
Chapter 3

Sentential Logic: Semantics




3.1 — Truth-Value Assignments and
Truth-Tables for Sentences

O

¢ We shall develop formal tests for truth-functional
versions of logical concepts:

i)  Truth-functional truth, falsity, and indeterminacy

i) Truth-functional equivalence

i) Truth-functional consistency

iv) Truth-functional entailment

v) Truth-functional validity

¢ Recall: Every sentence of SL can be built up from its
atomic components.




3.1 — Truth-Value Assignments and

Truth-Tables for Sentences

O

¢ The truth-value of a sentence of SL 1s determined
completely by the truth-values of its atomic components
in accordance with the truth tables for the connectives:

P O ~PIP&OIPvO Po>OQiP=0
T T F T T T T
T F F F T F F
F T T F T T F
F F T F F T T




3.1 — Truth-Value Assignments and
Truth-Tables for Sentences

O

¢ The truth-values of atomic sentences are fixed by
truth-value assignments, i.e., by an assignment of a
truth-value (T, F)

¢If P has n atomic components, then there are 2"
different combinations of truth-values for its
atomic components.

¢ A truth-table with n sentence letters, will have 2»
TOWS.




3.1 — Truth-Value Assignments and
Truth-Tables for Sentences

O

¢ For a truth table with n sentence letters, each
column consists of 2T s alternating with 2 F’ s.

¢E.g., '~B o C’: two atomic components, 22 rows:
B C

T T

1 T
] —




3.1 — Truth-Value Assignments and
Truth-Tables for Sentences

O

‘(~B o C) & (A =B)’ has three atomic components, so 23
TOWS:

p
o)

(~ B> C) & (A=B)

Rule of halves

RN TR B R R
I B R R R
m 4" 33T Aa|0




3.1 — Truth-Value Assignments and
Truth-Tables for Sentences

O

E.g.,'~[(Uv(W>~U))=W]

U W ~[(U v(Wo ~U0))=W]
TT FTTTFFT TT
T F TTTZFTEFT FF
F T FFTTTTF TT
F F iT FTFTTF FF




3.1 — Truth-Value Assignments and
Truth-Tables for Sentences

O

¢ Sometimes we are not interested in determining
the truth-values of a sentence P for every truth-
value assignment, but only in the truth-value of P
on some particular truth-value assignment.

E.g., ‘(A & B) o B’, where ‘A’ is false and ‘B’ is true:
FT FFTTT




3.1 — Truth-Value Assignments and
Truth-Tables for Sentences

O

¢ Defn: a sentence is true on a truth-value
assignment iff it has the truth-value T on the
truth-value assignment

¢®Defn: A sentence is false on a truth-value
assignment iff it has the truth-value F on the truth-
value assignment.

E.g., ‘(A v B) o B’, where ‘A’ is true and ‘B’ is false:
AB (AvB)OB
TF TTFF F




3.2 — Truth-Functional Truth, Falsity, and Indeterminacy

O

¢ Defn: a sentence P of SL is truth-functionally
true iff P is true on every truth-value

assignment.
. Z
E.g.,'Cv ~C C ICv-~C
T TTFT

F FTTF




3.2 — Truth-Functional Truth, Falsity, and Indeterminacy

O

¢ Defn: a sentence of P of SL is truth-functionally
false iff P is false on every truth-value

assignment.
2
E.g., P& ~P P P& ~P
T TFFT
F 'FFTF




3.2 — Truth-Functional Truth, Falsity, and Indeterminacy

¢ Negate a truth-functionally true sentence and the
result is truth-functionally Talse, and vice versa for a
truth-functionally false sentence.

 Z
E.g.,Pv~P Pi~(P v ~P)
T FTTFT
FI{FFTTF

‘~ ~(P v ~P) is truth-functionally true




3.2 — Truth-Functional Truth, Falsity, and Indeterminacy

O

¢ Defn: a sentence P is truth-functionally
indeterminate iff P is neither truth-functionally
true nor truth-functionally false.

¢ Each atomic sentence of SL is truth-functionally
indeterminate.




3.2 — Truth-Functional Truth, Falsity, and Indeterminacy

O

* ‘A > (B> A) is truth-functionally true
* ‘(Ao B) o A’is truth-functionally indeterminate

7 v
*AB A>(BoA) AB i (AoB)DA
T TIiTTTTT TT : TTTTT
T FITTFTT TF:! TFFTT
FT  FTTFF FT{ FTTFF
FFEFTFTF F F FTFFF




3.2 — Truth-Functional Truth, Falsity, and Indeterminacy

O

¢ We can show that a sentence is not truth-
functionally (t-f) true (or false) by showing that
there is at least one row which yields the truth-
value false (or true).

E.g., A | (A&~A)v ~A
T | TFFT FFT

This truth table shows that the sentence is not t-f true.
E.g., A (A& ~A) v ~A
F | FFTF TTF

This truth table shows that the sentence is not t-f false.




3.3 — Truth-Functional Equivalence

O

¢ Defn: Sentences P and Q are truth-functionally
equivalent iff there is no truth-value assignment
on which P and Q have different truth-values,
1.e., iff the columns under the main connective
are identical.

Eg., W&Y)oH and W> (Y>> H)




O

3.3 — Truth-Functional Equivalence

W Y H (W&Y)oH W o (Yo H)
T T T T T
T T F F F
T F T T T
T F F T T
F T T T T
F T F T T
F F T T T
F F F T T




3.3 — Truth-Functional Equivalence

O

+ Any two truth-functionally true (or false) sentences are
truth-functionally equivalent.

E.g., ‘(Pv~P) and ‘~(B & ~B)’

P Bi{Pv-~P ~(B & ~B)
T T{ T T
T Fi T T
F T, T T
F F{ T T




3.4 — Truth-Functional Consistency

O

¢ We denote a set of sentences I' as {S,...S,}, where S; are
the members, e.g.,I'={A, BoH,Cv A}

¢ Defn: a set of sentences of SL is truth-functionally
consistent iff there is at least one truth-value assignment
on which all the members of the set are true.

¢ Defn: A set of sentences of SL is truth-functionally
inconsistent iff it is not truth-functionally consistent

¢ l.e., iff there is no truth-value assignment on which all the
members of the set are true.




3.4 — Truth-Functional Consistency

O

E.g.,{A, Bo H, B}
A B H A BoH B
TT T T T T <« can stop here

Eg. {L LoJ,~J}
L Ji L Lod ~J

TT: T T F
TF: T F T
FTi F T F
FF{F T T

This set is truth-functionally inconsistent.




3.5 — Truth-Functional Entailment and
Truth-Functional Validity

O

¢ Defn: a set I' of sentences of SL truth-functionally entails
a sentence P iff there is no truth-value assignment on
which every member of I' is true and P is false, i.e., P is

true on every truth-value assignment where every
member of I is true.

¢ We denote I' truth-functionally entails Pby I F P.




3.5 — Truth-Functional Entailment and
Truth-Functional Validity

O

E.g.,{A,A&B} EB:

AB: A {A&B | B
TT; T T T
T F T F F
FT{ F F T
FF F F F




3.5 — Truth-Functional Entailment and
Truth-Functional Validity

O

E.g., ‘{A, A v B} does not entail ‘B’:

ABI A |AvB|B
TT!| T T | T
TF| T T | Fe
FT F T | T
FF F F | F




3.5 — Truth-Functional Entailment and
Truth-Functional Validity

O

¢ If there is one truth-value assignment on which every
member of I" is true but P is false, then I' does not
entail P, even if there is an assignment on which every
member of I" is true and P is true.

#The expression ‘ F P’ is an abbreviation for ‘@ | P’

¢ The empty set entails all and only truth-functionally
true sentences. (Since there is no assignment to &,

’%hlere is no assignment on which I' is true and P is
alse.)




3.5 — Truth-Functional Entailment and
Truth-Functional Validity

O

¢ Defn: An argument of SL is truth-functionally
valid iff there is no truth value assignment on
which the premises are true and the conclusion is
false.

¢ Defn: An argument of SL is truth-functionally
invalid iff it is not truth-functionally valid.

¢ An argument is truth-functionally valid iff the set
composed of the premises truth-functionally
entails the conclusion.




3.5 — Truth-Functional Entailment and
Truth-Functional Validity

O

¢ For any argument of SL that has a finite number of
premises, we may look for a sentence called the
corresponding material conditional:

P, (P, &P,) &P,)5C

¢ The argument is truth-functionally valid iff the
corresponding material conditional is truth-functionally
true.




3.5 — Truth-Functional Entailment and
Truth-Functional Validity

O

A
A>B

B

is truth-functionally valid iff ‘[A & (A = B)] > B] is truth-functionally
true

v
A B [A&K(A>B)]o>B
TT TT TTT TT
T F TF TFF TF
FT FF FTT TT
F F FF FTF TF




3.6 — Truth-Functional Properties and
Truth-Functional Consistency

O

¢ Recasting the truth-functional notions in terms of
truth-functional consistency:

i) A sentence P is truth-functionally false iff {P} is
truth-functionally inconsistent.

i) A sentence P is truth-functionally true iff {~P} is
truth-functionally inconsistent.

i) A sentence P is truth-functionally indeterminate iff
both {~P} and {P} are truth-functionally consistent.




3.6 — Truth-Functional Properties and
Truth-Functional Consistency

O

¢ Proof: A sentence P is truth-functionally false iff {P} is
truth-functionally inconsistent.

Suppose P is truth-functionally false.
No truth-value assignment on which P is true (defn).

No truth-value assignment on which every member of
{P} is true. (P is the only member of {P}.)

Hence, {P} is truth-functionally inconsistent.




3.6 — Truth-Functional Properties and
Truth-Functional Consistency

O

¢ Proof: A sentence P is truth-functionally true iff {~P} is
truth-functionally inconsistent.

Suppose P is truth-functionally true.
P is true on every truth-value assignment (defn).

~P is true on no truth-value assignment. (~P 1is false on
every truth-value assignment.)

No truth-value assignment on which every member of
{~P} is true. (~P is the only member of {~P}.)

Hence, {~P} is truth-functionally inconsistent.




3.6 — Truth-Functional Properties and
Truth-Functional Consistency

O

& f’ and Q are truth-functionally equivalent iff P = Q is truth-
unctionally true

& %1)1 IEIC?I 1S tzﬂﬂh-ﬁmctionally true iff {~(P = Q)} is truth-

onally imconsistent

o P a%d Q are tr -functianallgg equivalent iff {~(P= Q)} is
-fiinctionally inconsistent.

trut




3.6 — Truth-Functional Properties and
Truth-Functional Consistency

O

A B ~[(A v B) = (~A > B)]
T T F T
T F F T
F T F T
F F F T

{~[(A v B) =(~A o B)]} is truth-functionally inconsistent.

Hence, ‘(A v B) and ‘(~A o> B) are truth-functionally
equivalent.




3.6 — Truth-Functional Properties and
Truth-Functional Consistency

O

®If I + P, for some sentence P and set of sentences
I, then I' U {~P} is truth-functionally inconsistent.

o | P, thatis, T truth-functionally entails P iff T U
{~P} is truth-functionally inconsistent.




3.6 — Truth-Functional Properties and
Truth-Functional Consistency

O

An argument P,
P2
P,
C

is truth-functionally valid iff {P-...P, } U {~C} is truth-
functionally inconsistent.

E.g., (AoD)&H
FvH
D

isvalid iff {(A>D) & H, FvH, ~D}is t-f
Inconsistent.




